An ever increasing number of gravitational wave detections with the LIGO and Virgo observatories has firmly established the existence of binary black hole mergers. Elucidating the astrophysical environments where these objects form and coalesce is an active area of research. Motivated by recent electromagnetic observations which suggest the existence of compact binary populations in the Galactic Cluster M22 [1] and in the Galactic center [2] , and considering that eccentricity provides one of the cleanest signatures to identify these compact binary populations, in this article we study the importance of including higher-order waveform multipoles to enable gravitational wave observations of eccentric binary black hole mergers. Using a catalog of Einstein Toolkit numerical relativity simulations that describe eccentric, non-spinning black holes mergers with mass-ratios 1 ≤ q ≤ 10, and eccentricities e0 ∼ < 0.2 ten cycles before merger, we determine the mass-ratio, eccentricity and binary inclination angle combinations that maximize the contribution of the higher-order waveform multipoles ( , |m|) = {(2, 2), (2, 1), (3, 3), (3, 2), (3, 1), (4, 4), (4, 3), (4, 2), (4, 1)} for gravitational wave detection. We then explore the implications of these results in the context of stellar mass black holes that are detectable by LIGO detectors at design sensitivity, and show that compared to models that only include the ( , |m|) = (2, 2) mode, the inclusion of higher-order waveform multipoles can increase the signal-to-noise ratio of eccentric binary black hole mergers by up to ∼ 45% for mass-ratio binaries q ≤ 10. Furthermore, building upon our pioneering deep learning work [3, 4] , we show for the first time that machine learning can accurately reconstruct higher-order waveform multipole signals from eccentric binary black mergers embedded in real LIGO data.
I. INTRODUCTION
The LIGO [5, 6] and Virgo [7] gravitational wave (GW) detectors have enabled the detection of several GW sources that are consistent with the astrophysical properties of binary black hole (BBH) mergers [8] [9] [10] [11] [12] and neutron star collisions [13] . These scientific discoveries have firmly established GW astrophysics, and initiated the era of multi-messenger astrophysics (MMA) [13] [14] [15] .
With an ever increasing catalog of GW sources, it will be possible to carry out robust statistical analyses to infer astrophysical properties of compact binary populations. Of special interest in this article is the study of compact binary populations in dense stellar environments. The observation of stellar mass BHs in the Galactic cluster M22 [1] triggered the improvement of algorithms to numerically simulate the formation, retention and detection of BBHs in dense stellar environments [16] [17] [18] [19] . Using adequate simulation tools, it has been recently shown that the detection rate of these events has been significantly underestimated in previous analyses [20] [21] [22] [23] [24] [25] . At the same time, using state-of-the-art waveform models that describe the inspiral-merger-ringdown of eccentric BBH mergers, it has been shown that the existing catalog of detected BBH mergers may have eccentricity content at lower frequencies, e ∼ < 0.1 at 10Hz, and still be consistent with quasi-circular BBH mergers in the frequency band in which they were observed by the LIGO and Virgo detectors [26, 27] . This is because GWs are very effective at circularizing compact binary systems [26, [28] [29] [30] [31] . Another line of evidence for the existence of eccentric compact binary mergers is the recent observation of compact remnants in the Galactic center, consistent with the prediction of a population of stellar mass BHs near supermassive BHs in galactic nuclei [2] .
While the existence of eccentric compact binary mergers is well motivated, the most sensitive tools that have been developed for GW discovery are tailored for the identification of quasi-circular binaries [32, 33] . In order to accelerate these detection algorithms, and enable the identification of new classes of GW sources, such as eccentric compact binary mergers, authors in this manuscript pioneered the use of deep learning for GW data analysis [3, 4] . These algorithms have been proven to successfully identify, reconstruct and denoise eccentric numerical relativity (NR) waveforms that contain the dominant ( , |m|) = (2, 2) mode embedded both in simulated and real LIGO data [3, 4, 34] . In view of these developments, and realizing that the vast majority of eccentric waveform models have only used the dominant ( , |m|) = (2, 2) mode [26, 27, [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] , in this work we quantify the importance of including higher-order waveform multipoles for the detection of eccentric BBH mergers, and also show that our deep learning algorithms can accurately identify higher-order waveform multipole signals in simulated and real LIGO data. This is the first analysis of this nature in the literature in the context of eccentric BBH mergers.
Throughout this article, we use natural units G = c = 1, and denote the masses of the binary components by m {1, 2} (m 1 ≥ m 2 ). The mass-ratio q and total mass M are given by q = m 1 /m 2 and M = m 1 + m 2 , respectively. This paper is organized as follows. Section II describes the properties of the NR catalog used in this study, and succinctly describes signal-processing tools required for this analysis. Section III sheds light on the regions of parameter space that maximize the contribution of higher-order modes. In Section IV we quantify the importance of including higher-order waveform multipoles for GW detection in terms of signal-to-noise ratio (SNR) calculations. We show that Deep Filtering [3, 4] can identify these complex waveform signals in synthetic, simulated LIGO noise and real LIGO noise in Section V. We summarize our findings and future directions of work in Section VI.
II. NUMERICAL RELATIVITY CATALOG AND SIGNAL-PROCESSING TOOLS
We use a catalog of NR waveforms that we produced with the open source, NR software, the Einstein Toolkit [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] using the Blue Waters supercomputer. These simulations describe BBH mergers with massratios 1 ≤ q ≤ 10, and eccentricities e 0 ≤ 0.2 ten cycles before merger. We extracted the modes ( , |m|) = {(2, 2), (2, 1), (3, 3) , (3, 2) , (3, 1) , (4, 4) , (4, 3) , (4, 2), (4, 1)} using the open source, software stack POWER [59] . Each NR waveform was produced with three different levels of resolution to quantify convergence. The detailed description of these analyses is presented in an accompanying article [60] . Table I summarizes the properties of these NR waveforms. We construct the waveform strain h(t, θ, φ) using spin weight -2 spherical harmonics [61] 
(1) where (θ, φ) are spherical angles that define the direction of propagation. We define the waveform amplitude as A = √ h h * , where h * is the complex conjugate of the waveform strain h. Furthermore, the optimal matchedfilter signal-to-noise ratio (SNR) is given by where f 0 = 10Hz and f max = 8192Hz.H represents the Fourier transform of H; (F + , F × ) are the antenna pattern response functions which depend on the sky position (α, β) of gravitational wave sources and the polarization angle ψ [62] . In this study, S n (f ) is the one-sided noise power spectral density (PSD) corresponding to LIGO's Zero Detuned High Power configuration [63] .
III. HIGHER-ORDER WAVEFORM MULTIPOLES
GWs include the complete symphony of higher-order waveform modes. In this Section, we want to get insights about the regions of parameter space where their inclusion is critical for GW detection. To quantify the importance of including ( , |m|) modes, we have carried out two complementary studies. The first one is motivated by the observation that higher-order modes become significant near merger [27] . To determine the (θ, φ) regions of parameter space that maximizes the contribution of ( , |m|) modes near merger, we computed [A( , |m|) − A( = 2, |m| = 2)] (θ, φ). This quantity represents, at every (θ, φ) point, the amplitude peak difference between a waveform that includes all ( , |m|) modes, and one that includes the ( = 2, |m| = 2) only 1 . Normalizing this quantity by the global maximum of
Upon constraining this region of parameter space, we performed a complementary study to determine the (θ, φ)
1 Hereafter the expression "all ( , |m|) modes" refers to including the following modes ( , |m|) = {(2, 2) , (2, 1), (3, 3) , (3, 2) , (3, 1) , (4, 4) , (4, 3) , (4, 2), (4, 1)}.
parameter space where the inclusion of ( , |m|) modes leads to a significant increase in the waveform amplitude, as compared to ( , |m|) = (2, 2) waveforms, throughout the entire length of the NR waveforms. Inspired by the time-domain SNR calculation procedure described in Section VI of [64] (see Eq. (64)), we computed the quantity
where T represents the maximum time sample of a given NR waveform and, as mentioned above, A = √ h h * . As we describe below, using this metric enabled us to find the (θ, φ) regions of parameter space where the inclusion of higher-order modes leads to a significant SNR increase compared to waveforms that only include the ( = 2, |m| = 2) mode.
Using the Mollweide projection (ϑ, ϕ) → (π/2 − θ, φ − π), we present results of these combined analyses in the top two rows of Figure 1 . Highlights of these results include
• The contribution of ( , |m|) modes to the waveform strain changes significantly from case to case. Therefore, we have used different color bar ranges to emphasize the emergence of angular structure.
• The maxima of ∆A (ϑ, ϕ) correspond to the bright yellow regions. We have found that for all massratios and eccentricities, the ( = 2, |m| = 2) mode is maximized at (θ, φ) = (0, 0), i.e., at the north pole in the Mollweide projection-a similar result is found in the context of quasi-circular BBHs. Elsewhere, the inclusion of ( , |m|) modes boosts the waveform amplitude.
• The maxima of ∆B are indicated by red diamonds. It is noteworthy that the maxima of ∆B and ∆A differ. This is an important finding that highlights the complex interplay between the topology of the spin-weight -2 spherical harmonics and the higherorder modes, which have a strong dependance on mass-ratio and eccentricity. In a nutshell, these results show that the (θ, φ) regions of parameter space that maximize the contribution of ( , |m|) for GW detection are not equivalent to the (θ, φ) combinations that maximize the waveform amplitude near merger. We have confirmed this finding by computing the SNR distribution of signals that are constructed using the (θ, φ) combinations of the ∆A peaks contained in the bright yellow regions of these maps, and waveforms constructed using the (θ, φ) combinations that correspond to the maxima of ∆B, or equivalently, the red diamonds in these maps. Our SNR calculations indicate that the second class of waveforms lead to SNR values that are, on average, a factor of ∼ 3 larger than the former class.
To obtain a visual representation of the importance of including higher-order modes for the detection of eccentric BBH mergers, the third and fourth rows of Figure 1 present a direct comparison between waveforms that include all ( , |m|) modes and their ( , |m|) = (2, 2) counterparts. These waveforms were constructed using the (ϑ, ϕ) combinations that represent the red diamonds in the top two rows of Figure 1 . We observe that for eccentric BBH systems with mass-ratio q ≥ 5, the inclusion of ( , |m|) modes has a significant impact throughout the entire waveform evolution, with distinct signatures in the vicinity of merger which correspond to the imprint of higher-order waveform modes. These results show that higher-order modes not only enhance the overall waveform amplitude, but also include noticeable modifications to the ringdown phase, in particular for asymmetric mass-ratio BBHs-see the insets in the panels of the third and fourth rows of Figure 1 . Therefore, including ( , |m|) is relevant both to enhance the detectability in new (θ, φ) regions of parameter space where ( , |m|) = (2, 2) waveforms would otherwise be suppressed, and to accurately describe the merger evolution of eccentric BBH merger signals. These findings also imply that future tests of general relativity that aim to extract information from ringdown waveforms must include higher-order waveform modes to substantiate their claims, either in favor or against the correctness of general relativity to infer the nature of GW sources. In the following section we present a quantitative analysis of the importance of including higher-order waveforms modes in terms of SNR calculations.
IV. SIGNAL-TO-NOISE RATIO CALCULATIONS
Having explored the (θ, φ) regions of parameter space that maximize the contribution of higher-order waveform multipoles, in this Section we compute the optimal matched-filter SNR distributions for a variety of eccentric BBHs. Since we are using a discrete set of NR waveforms, and these scale trivially with mass, we have considered BBHs with total mass M = 60M . This value is informed by GW observations of BBH mergers [8] [9] [10] [11] [12] . Furthermore, this astrophysically motivated choice implies that the merger phase of these BBHs will take place The maps show the point-to-point amplitude peak difference, ∆A in Eq. 4, between a waveform that includes ( , |m|) = {(2, 2) (2, 1), (3, 3) , (3, 2) , (3, 1), (4, 4), (4, 3), (4, 2), (4, 1)} modes and one that only includes the ( , |m|) = (2, 2) mode, normalized with respect to the global ( , |m|) = (2, 2) amplitude maximum-see Eq. 4. The red diamonds, which correspond to the maxima of ∆B in Eq. (5), indicate points where the inclusion of ( , |m|) modes leads to a significant increase in the waveform amplitude, as compared to ( , |m|) = (2, 2) waveforms, throughout the entire length of the waveform signals-see Eq. (5). These (θ, φ) maps were constructed using the Mollweide projection: (ϑ, ϕ) → (π/2 − θ, φ − π). Third and fourth rows: Comparison between waveforms that include either all ( , |m|) modes or the ( , |m|) = (2, 2) mode only, using (ϑ, ϕ) values that correspond to the location of the red diamonds in the top panels. in LIGO's optimal sensitivity frequency range, thereby maximizing the contribution of higher-order waveform multipoles to the SNR of these systems. FIG. 2. Top panels, from left to right: SNR distributions produced either by ( = 2, |m| = 2) or ( , |m|) NR waveforms, respectively. Bottom panel: metric used to quantify the importance of including higher-order waveform multipoles, given by Eq. (7). The effect of including ( , |m|) modes is to enhance the detectability in sky regions (α, β) where ( = 2, |m| = 2) NR waveforms are significantly suppressed. In these calculations, the total mass of the BBH is 60M , the distance to the source is 500Mpc and the polarization angle ψ = π/4.
The goal of this section is to quantify the potential SNR increase due to the inclusion of higher-order waveform modes. To do so, we use Eq. (1) for two cases, namely, when all the ( , |m|) modes are included and when only the ( = 2, |m| = 2) is considered, and use (θ * , φ * ) values that maximize the inclusion of ( , |m|) modes for SNR calculations-represented by red diamonds in the top panels of Figure 1 . Using these waveforms, we compute their corresponding SNRs at each sky location (α, β), i.e., SNR (2, 2) → SNR ( = 2, |m| = 2; θ * , φ * ; α, β) and SNR ( , m) → SNR ( , |m|; θ * , φ * ; α, β). Finally, we subtract these quantities and normalize them using the global SNR (2, 2) maximum, i.e., Figure 2 demonstrates the use of this metric to quantify the effect of including higher-order waveform multipoles. As shown in these panels, the main effect of including ( , |m|) modes is to enable the detectability of GWs in (α , β) sky regions where waveforms that only include the ( = 2, |m| = 2) mode are significantly suppressed, and thereby poorly recovered or entirely missed. Using Eq. (7), and setting ψ = π/4, we present a set of SNR distributions in Figure 3 for a variety of eccentric BBH systems. These results indicate that
• E0001. Higher-order waveform multipoles can be safely ignored for equal mass BBHs.
• L0016. The inclusion of higher-order waveform modes has a significant impact in the detectability of q = 5 eccentric BBH mergers, boosting the SNR in new (α, β) regions by up to ∼ 30%.
• P0001. For q = 6 eccentric BBH mergers, the SNR is enhanced by up to ∼ 35% with respect to waveforms that only include the ( = 2, |m| = 2) mode.
• P0020. Including higher-order modes for q = 8 eccentric BBH mergers can boost the SNR in new (α, β) regions up to ∼ 40%
• P0024. q = 10 eccentric BBH mergers report the largest SNR increase, reaching values up to ∼ 45% in new (α, β) regions.
In summary, observing eccentric BBH mergers with SNR gains up to ∼ > 45% in sky locations where ( = 2, |m| = 2) mode waveforms would otherwise be suppressed provides enough incentive to develop GW searches that include higher-order modes. This approach will be critical to search for and find these astrophysically motivated compact binary sources.
Having shed light on the quantitative aspect of including ( , |m|) modes for GW detection, the second aspect of this study involves the development of an algorithm to extract GWs that include higher-order waveform multipoles. In the following section we show that the deep learning algorithms we pioneered for gravitational wave astrophysics [3, 4] in the context of waveforms that only include the ( , |m|) = (2, 2) mode can also be used to identify GW signals that include ( , |m|) modes. This is the first demonstration in the literature that deep learning can extract higher-order waveform multipole signals from eccentric BBH mergers both in simulated and real LIGO noise.
V. DETECTION OF ECCENTRIC BINARY BLACK HOLE MERGERS WITH DEEP LEARNING ALGORITHMS
The first demonstration that machine learning can detect and characterize GWs in simulated LIGO noise was introduced in [3] . This work established that deep learning is as sensitive as a matched-filtering based search, orders of magnitude more computationally efficient, and capable of detecting eccentric and spin-precessing GW signals that only include the ( = 2, |m| = 2) mode. The extension of that analysis to a realistic detection scenario using raw advanced LIGO noise was introduced for the first time in [4] . In this section, we show that these algorithms can also be utilized to detect and characterize GWs whose morphology is significantly more complex than the datasets used to train our neural networks, i.e., non-spinning and quasi-circular BBH systems. FIG. 3. Point-to-point SNR difference between waveforms that include all ( , |m|) modes and waveforms that only include the ( , |m|) = (2, 2) mode, normalized with respect to the ( = 2, |m| = 2) global SNR maximum-see Eq. 7. The waveforms are constructed using the (θ, φ) combinations that maximize the contribution of waveform modes in either case, indicated by red diamonds in the top panels of Figure 1 . The SNR distributions are presented as a function of the source's sky location (α, β) mapped into a Mollweide projection: (ϑ, ϕ) → (π/2 − α, β − π). We have set the polarization angle ψ = π/4 in these calculations.
A detailed description of the construction of our neural networks can be found in [3, 4] . To quantify the sensitivity with which deep learning can extract eccentric, higher-order waveform multipole signals, we selected from our catalog of NR waveforms those that have the most complex topology. Thereafter, we embedded these NR waveforms in simulated LIGO noise, and quantified the optimal matched-filter SNR at which these signals may be detected with our deep learning algorithms. The results of this analysis, assuming simulated noise from LIGO's Zero Detuned High Power configuration [63] , are presented in Figure 4 . We notice that independently of the (q, e) of the systems, we achieve 100% sensitivity for all these BBH systems when SNR ≥ 10 with a false alarm rate that we tuned to be 1%, i.e., 1 per 100 seconds of noise in our test dataset was misclassified as signals. It is remarkable that this result is the same in the context of quasi-circular BBH signals that we reported in [3] .
We have extended this analysis using real LIGO noise that we obtained from the LIGO Open Science Center. To carry out this analysis, we used the neural network model described in [4] . To assess the power of this algorithm to identify an entirely new class of GW signals in a realistic detection scenario, we injected the most complex eccentric NR signals we produced in our datasets in real LIGO noise corresponding to GW150914. In Figure 4 , we show that Deep Filtering can detect GWs signals that include higher-order waveform modes with the same sensitivity it can detect GWs used to train the neural network model, i.e., non-spinning, quasi-circular BBH mergers [4] .
These results can be further improved by using multiple detectors and enforcing coincidence, reducing the false alarm rate to (0.01%, 0.0001%) for 2-and 3-detector networks, respectively. We can further decrease this false alarm rate value by using a variety of methods, such as changing the fraction of noise used during the training stage, ensuring that the estimated parameters of the source from each detector are consistent, and by running consistency checks with matched-filtering pipelines that use a reduced template bank whose modeled waveforms are close to our predicted parameters.
This work further exhibits the power and resilience of neural networks to generalize to new types of signals and enable the identification of an entirely new class of GW sources. It must be emphasized that, at present, there is no matched-filtering algorithm to extract eccentric GW signals from simulated or real LIGO data. Therefore, this analysis represents the first successful attempt at correctly identifying a new class of GW signals both in simulated and real LIGO noise datasets.
We have also found that Deep Filtering can measure the total mass of the signals with an accuracy ≤ 15% both using simulated and real LIGO noise. Given these encouraging results, in the near future we will present an improved version of these deep learning algorithms that are adequate to detect and characterize eccentric binary mergers in real LIGO data, providing information about the masses and spins of the binary components, and the orbital eccentricity.
VI. CONCLUSION
We have quantified the impact of higher-order waveform multipoles for the detection of non-spinning black holes on eccentric orbits in terms of SNR calculations. We have found that while they become significant for asymmetric BBH systems, it is also the case that these results depend heavily on three important ingredients: the angular structure of the spin-weight -2 spherical harmonics, and the mass-ratio and eccentricity of the system. In view of these findings, it is essential to develop models that include higher-order waveform multipoles for actual GW searches of eccentric BBH mergers.
We have also demonstrated for the first time that machine learning can effectively extract these complex GW signals from simulated and real LIGO noise with the same sensitivity it identifies quasi-circular GW signals. Even though the deep learning algorithm we used for this analysis was only trained with non-spinning BHs on quasicircular orbits, it was robust enough to generalize to an entirely new class of signals, whose morphology is significantly more complex than their quasi-circular counterparts. In future work, we will present a new class of neural network algorithms for the detection and characterization of spinning black holes on eccentric orbits.
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Appendix A: Interplay of mass-ratio and eccentricity for gravitational wave detection
The top panels of Figure 5 present the (θ, φ) regions of parameter space where the ( , |m|) modes contribute significantly to GW detection. The two selected cases can be directly compared to the results presented in the second row of Figure 1 . We note that even though (P0017, P0020) and (P0024, P0009) have the same mass-ratio, their different eccentricities lead to significantly different (θ, φ) angular distributions. The bottom panels of Figure 5 correspond to their respective SNR distributions, produced using the same approach described in Section IV. The results presented in Figures 1 and 5 exhibit the strong dependance of higher-order modes both on mass-ratio and eccentricity. The bottom panels of Figure 5 presents sky maps for the SNR distributions of P0017 and P0009 using ψ = 0. 
